State-selected total cross sections and thermal rate coefficients are computed for the HD + ortho-/para-H 2 rotational energy transfer collision at low temperatures: 2 K T 300 K. A modified H 2 -H 2 potential energy surface (PES) devised by Hinde is used for this pure quantum-mechanical dynamical computation. A comparison of the new results for the HD + ortho-/para-H 2 scattering problem and previous calculations computed with the use of other older PESs is presented and discussed.
I. INTRODUCTION
Elastic and inelastic collisions between atoms and molecules and/or between molecules and molecules are of great scientific interest in the fields of physical-chemistry and chemicalphysics. The reason is that such processes can provide valuable information about fundamental interactions between different chemical species, their chemical properties, their energy transfer quantum dynamics and many other properties. The pioneering studies focussed on light atoms and molecules, because of their simple nature. For three-and four-atomic systems with a small number of electrons, the potential energy surface (PES) can be computed with relatively high accuracy [1] [2] [3] [4] [5] [6] . Consequently, for these systems one can then more easily test different dynamical methods, such as, classical, semi-classical, quasi-classical trajectory, and pure quantum-mechanical computational formulations and compare the results with available experimental data in a controlled fashion. The test methods devised could then be applied to more complex many-atomic systems, wherein a controlled comparison is not possible. Among these small systems the four-atomic H 2 +H 2 and H 2 +HD scattering processes have attracted significant attention not only in chemical physics but also in astrophysics. In astrophysics H 2 and HD play an important role, because of their abundance in the molecular cloud of the universe 7, 8 . Together with the H 2 + H 2 collision, the HD + H 2 collision is also of significant importance in the astrophysics of the early universe. Specifically it is important in the modeling of pre-galactic clouds and planetary atmospheres; in the cooling of primordial gas and in the formation of stars [9] [10] [11] [12] [13] [14] [15] .
In Ref. 16 a semiclassical treatment of H 2 -H 2 scattering is formulated. In Ref. 17 the author developed and applied a rigid rotor model to study rotational excitation in H 2 -H 2 by applying quantum close-coupling scattering calculations. In this approach the distance between the hydrogen atoms in both H 2 molecules was fixed at a constant value based on avarage. This model was applied to many different atomic and molecular systems, see, for example 13, [18] [19] [20] .
terings with the use of the H 2 -H 2 potential energy surface (PES) from Ref. 
The scattering cross sections and their corresponding thermal rate coefficients are computed using a non-reactive quantum-mechanical close-coupling approach. The four-atomic system is shown in Fig. 1 .
In Sec. II we briefly describe the quantum-mechanical approach used in this paper. Sec.
III includes the computational results. We compare the cross-sections and rates with those of other authors 11, 13 , and our previous calculations 18, 19 , where a different HD-H 2 PES, derived from the well-known Boothroyd-Martin-Keogh-Peterson (BMKP) H 2 -H 2 PES 2 , was used.
Discussion and conclusions are provided in Sec. IV. The corresponding procedure to obtain a modified HD-H 2 PES from the existing H 2 -H 2 surface 5 is presented in Sec. V. Atomic units (e = m e = = 1) are used throughout this paper.
II. QUANTUM-MECHANICAL APPROACH
In this section we provide a brief account of the present quantum-mechanical closecoupling approach following the method in Ref. 17 . The HD and H 2 molecules are treated as linear rigid rotors. The model has been applied in few previous works 13, 17 . In all our calculations with this potential the bond length was fixed at 1.449 a.u. or 0.7668Å for the H 2 molecule and 1.442 a.u. for HD which is 0.7631Å. The Schrödinger equation for the (12) + (34) collision in the c.m. frame, where (12) and (34) are diatomic molecules formed by atoms 1-4 is 17 :
HereP R 3 is the momentum operator of the kinetic energy of the collision, R 3 is the collision coordinate, whereas R 1 and R 2 are relative vectors between atoms in the two diatomic molecules as shown in Fig. 1 , andLR 1(2) are the quantum-mechanical rotation operators of the rigid rotors, µ 1 and µ 2 are the reduced masses of the HD and H 2 molecules and M 12 is the reduced mass of the two molecules. The vectorsR 1(2) are the angles of orientation for rotors (12) and (34), respectively; V ( R 1 , R 2 , R 3 ) is the PES of the four-atomic system (1234), and E is the total energy in the c.m. system. The use and modification of the original H 2 -H 2 
The kinetic energy is ε = E − B 1 j 1 (j 1 + 1) − B 2 j 2 (j 2 + 1), where B 1 = 44.7 cm
and B 2 = 60.8 cm −1 are the rotation constants of rigid rotors (12) and (34) respectively, they are shown in Fig. 1 . Next, E is the total energy of the system, J is total angular momenta of the four-atomic system, α ≡ (j 1 j 2 j 12 L), where j 1 + j 2 = j 12 and
is the channel wavenumber and E α(α ′ ) are rotational channel energies. Finally, the relationship between the rotational thermal-rate
(T ) at temperature T and the corresponding cross section
can be obtained through the following weighted average formula:
where k B is Boltzman constant and ε = E − E j 1 − E j 2 is pre-collisional translational energy at the translational temperature T , k B is Boltzmann constant and ε s is the minimum kinetic energy for the levels j 1 and j 2 to become accessible.
III. NUMERICAL RESULTS
We used the MOLSCAT program 34 to solve the Schrödinger Eq.(2). Convergence was obtained for the integral cross sections, σ(j
, with respect to the variation of the variables utilized in all considered collisions at different collision energies. For the intermolecular distance R 3 we used from R 3min = 3.0 a.u. to R 3max = 30.0 a.u. We also applied a few different propagators included in the MOLSCAT computer program, and our calculation show that D. Manolopoulos's hybrid modified log-derivative propagator technique 35 would be quite numerically stable and a time effective approach. This method is used in the majority of the calculations.
The maximum value of the total angular momentum J was set at 44 while the number of levels N lvl in the basis set of HD + H 2 was set at 42. Specifically, in the case of HD(j 1 )+para-H 2 (j 2 ), j 1 it has values 0, 1, 2, and 3 and j 2 has values 0, 2, and 4. This combination generates the total number of included levels N lvl =34. In the case of HD+ortho-H 2 the parameter j 1 has values 0, 1, 2, and 3 and j 2 has values 1, 3, and 5. This results in the total number of levels N lvl =42. A number of test computations with higher values for the j 1 and j 2 parameters have been carried out. For example, in the case of HD+para-H 2 , j 1 was taken as 0, 1, 2, 3, 4 and j 2 as 0, 2, 4, 6. This j 1 /j 2 combination produced N lvl = 74. We obtained similar results in both cases, confirming the convergence of the calculations.
Because the HD+H 2 total rotational energy transfer cross sections (3) has shape resonances at low energies a large number of energy points are needed in order to effectively reproduce them. We used up to 250 energy points in each computation for each specific rotational transition in the HD and H 2 molecules considered. More space discretization points were used at low collision energies and fewer points in the higher-energy sector.
Below we present results for cross sections and thermal rate coefficients for different quantum-state transitions in HD and H 2 molecules. We reproduced shape resonances in the low velocity region, which are very important in the cooling of the astrophysical media at low temperatures. We compared them with the older quantum-dynamical results of Schaefer 
respectively. One can see that the new cross sections obtained with the present PES have the same structure and shape, but also have substantially larger (∼ 60%) values at medium energies (v > 200 m/sec) when compared with the results obtained from the modified BMKP PES 2 and the older result from Schaefer's calculations 11 . Processes (6) and (7) are also important collisions from the astrophysical point of view. They represent transitions from the j 1 = 2 and j 2 = 0 state of the HD(j 1 )+H 2 (j 2 ) system. It is seen from 
While we obtain a relatively good agreement between cross sections calculated with the older modified BMKP PES and Hinde's PES, there is a dramatic difference with the corresponding result from Ref.
11 . The present cross sections are larger than those of Ref.
11 by a few orders of magnitude. In Fig. 6 (lower plot) we show the results for the corresponding thermal rate coefficient k 20→02 (T ). It is seen, that the present rates and those obtained by Flower 13 have a flat temperature dependence, whereas the rate of Schaefer 11 , although smaller than other results, increases monotonically with energy. Because the thermal rate of reaction (8) is relatively large, one can conclude that this channel can also make a substantial contribution to the astrophysical HD-cooling function.
In Figs. 7-10 we show results for the total cross section in the inelastic scattering from the state HD(1) + H 2 (2) with rotational energy 454.2 cm −1 , viz. 
The present cross sections exibit fairly good agreement with the results computed with the modified BMKP PES 2 , and also with older results from Ref.
11 . The general shape and trend of the behavior of these cross sections are the same in all cases. Also, there is a relatively small bump in the cross sections of the processes (10)- (12) at collision velocity ∼1100 m/sec which is also reproduced by two PESs. One can see that the process (9) can make a significant contribution to the total HD-cooling function because its cross section is rather large relative to other channels. Finally, in order to carry out new computations of the astrophysical cooling function, Table II includes the relevant thermal rate coefficients for the HD + para-H 2 case in the temperature range from 2 K to 300 K. Next, as a test, we choose the initial state HD(2) + H 2 (2) with a relatively higher total rotational energy:
633 cm −1 . The integral de-excitation cross sections from this state to different lower energy rotational states are shown in Fig. 11 . One can see a fairly good agreement in the shape of the curves between various rotational transition results for the integral cross sections computed with the two different PESs.
In Fig. 12 we show three different rotational transition cross-sections for the orthohydrogen case. Here we chose low lying rotational levels of the two molecules: HD (1) + H 2 (1) and HD(2) + H 2 (1). Some results from older works 11, 13, 19 are also presented in the figure together with results computed with the newer modified PES from 5 . The corresponding thermal rate coefficients are shown in Fig. 13 where the older results from Refs. 11, 13, 19 are also presented for comparison purposes. Figures 14 and 15 include results for thermal rate coefficients for the transitions from higher rotational states, e.g., HD(0) + H 2 (3) and
Finally, in Sec. VI (Appendix B) we present our new results for the thermal rate coefficients which can be used in subsequent computation of the astrophysical HD-cooling function. In Table II we show thermal rates of different de-excitation processes in lowtemperature HD + para-H 2 rotational energy transfer collisions and in Table III the same data for the HD + ortho-H 2 case. fairly large values. Therefore, this process probably can make a contribution to the HD cooling process. In addition we would like to note, that in work 12 the process has also been computed and discussed, in which significant differences from 11 were also found.
IV. SUMMARY AND CONCLUSIONS
Further, the following four Figs. (7)-(10) represent our integral cross sections and corresponding results from work 11 for the following de-excitation collisions: (9), (10), (11) , and (12) . In all of these processes the initial state of HD has the rotational state j 1 =1 and H 2 has the rotational state j 2 =2. The corresponding total rotational energy of the molecules can be found in Table I Fig. 11 shows the resulting de-excitation cross sections from the highly located rotational quantum level. Finally, our analysis in this paper would not be complete if we did not undertake computations for the ortho hydrogen case as well. Fig. 12 shows results for the lower lying rotational quantum numbers of HD, namely, j 1 =0 and 1, and H 2 : j 2 =1. It is seen that in this case the cross sections obtained with the Hinde PES are significantly larger than other results. The corresponding thermal rate coefficients are presented in Fig. 13 . Again, as in previous para-hydrogen cases the new rates obtained with Hinde's potential are larger than previous results. At the low density limit and taking into account the critical density concept the total cooling function can be computed with the use of the following formula:
which is in units of [erg×cm
is the emitted photon energy,
(T ) it the thermal rate coefficient (4) corresponding to the rotational transitions
Therefore, increasing the knowledge of rotational and possibly vibrational excitation and de-excitation rate constants, k jv→j ′ v ′ (T ), in atomic and molecular hydrogenhydrogen collisions, such as HD/H 2 +H 2 , HD/H 2 +H etc, is important in order to understand and be able to model the energy balance in the interstellar medium. For comparison purposes it would be very useful and interesting to carry out new computations of the rotational-vibrational integral cross sections and corresponding thermal rate coefficients for a low-energy HD+H collision. In this case a different H 3 PESs from papers 43,44 could be applied.
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V. APPENDIX A: HD-H 2 POTENTIAL ENERGY SURFACES
A few important modifications to the Hinde H 2 -H 2 PES 5 were needed for the current non-symmetrical four-atomic collision (1). The application and modification of the original H 2 -H 2 BMKP PES were published in Ref. 18 . Below in this paragraph we briefly describe the procedure. To compute the distances between the four atoms the BMKP PES uses Cartesian coordinates. Consequently, it was necessary to convert spherical coordinates used in the close-coupling method to the corresponding Cartesian coordinates and compute the distances between the four atoms followed by calculation of the PES 18, 19 . This procedure used a specifically oriented coordinate system OXY Z. As a first step we needed to introduce the Jacobi coordinates { R 1 , R 2 , R 3 } and the radius-vectors of all four atoms in the spacefixed coordinate system OXY Z: { r 1 , r 2 , r 3 , r 4 }. Then the center of mass of the HD molecule has been relocated at the origin of the coordinate system OXY Z, and the R 3 was directed to center of mass of the H 2 molecule along the OZ axis. Thus, one could obtain the following coordinate relationships: 
, we have r 3 = R 3 −(1−ζ) R 2 , r 4 = R 3 +ζ R 2 , and the corresponding Cartesian coordinates are: Fig. 1 together with corresponding quantum angular momenta. The initial geometry of the system is designed in such a way that the Jacobi vector R 3 connects the c.m.'s of the two H 2 molecules and is directed over the OZ axis. We laid out OXY Z in such a manner that the Jacobi vector R 1 lies in the XOZ plane. The vector R 2 can then be directed anywhere.
The spherical coordinates of the Jacobi vectors are: 
Now, if we rotate 
This transformation converts the initial Jacobi vectors in OXY Z: R 1 = {R 1 , θ 1 , 0}, R 2 = {R 2 , θ 2 , ϕ 2 } and R 3 = {R 3 , 0, 0} to the corresponding Jacobi vectors with new coordinates 
results in a corresponding transformation of the coordinates of the 4-body system as well as changing the distance between the two molecules. One then has the following relations between new and old variables 36 :
In the calculation of HD+H 2 with Hinde's PES one has to use new coordinates θ
. However, the original potential has been expressed through the initial H 2 -H 2 variables, i.e. θ 1 , θ 2 , Φ 2 and R 3 . Hence they have to be transformed using (17)- (19) . Therefore, in the case of the non-symmetrical HD+H 2 collision one should use the formulas (17)- (19) together with (15)- (16) However, in the case of the non-symmetrical (or symmetry-broken) HD+H2/D2 or HD+HD scattering systems one should also apply the original H 2 -H 2 interaction field (PES), but the propagation (solution) of the Schrödinger equation runs, in this case, over the corrected Jacobi vector R ′ 3 which is directed over the new OZ ′′ axis, as is shown in Fig.   16 .
VI. APPENDIX B: HD+o-/p-H 2 THERMAL RATE COEFFICIENTS
New data for the thermal rate coefficients, Table III the same information for the HD + ortho-H 2 case. The astrophysical HD-cooling function can be computed with the use of formula (13) . 
Here, E rot = B 1 j 1 (j 1 + 1) + B 2 j 2 (j 2 + 1), where B 1 (2) are the rotational constants of rigid rotors ab and cd respectively.
TABLE II. Low temperature rotational de-excitation thermal rate coefficients k ij→i ′ j ′ (T ) in the
All results are multiplied by a constant value α = 10 11 . The data are in the unit cm 3 sec −1 . is directed over the axis OZ, θ 1 is the angle between R 1 and R 3 , θ 2 is the angle between R 2 and R 3 , ϕ 2 is the torsional angle, j 1 , j 2 and L are quantum angular momenta over the corresponding Jacobi coordinates R 1 , R 2 and R 3 . 
